2. Analytic Functions

= Introduction

Once the field properties of the complex numbers are established, ( complex ) functions of complex variables can be defined.
Asisthe case with real analysis, the next step is calculus, which introduces the concepts of limits, continuity, differentiation
and integration.

Since complex numbers are 2 - D vectors, their calculus is the same as that of the vector space. For example, treating
functions as vector fields, we expect integrations to be path-dependent. The analog of conserved vector fields, which are path-
independent, is analytic functions. Something like the Gauss theorem, which relates integral on a closed surface with the
source within, manifestsitself as the residue theorem for contour integrals.

Note however that the above analogy should not be pushed too far since the complex number field isnot identical toa 2-D

real vector space. The crucia difference is that the "unit vector" along the imaginary axis has a negative magnitude
i-i=-1

A more proper view of the situationis asfollows.
Consider two complex numbers z; & z.
*=(X-1y1)(X+iy2)
= XX+ Y1Y2+i(X1Y2— X Y1)
= 21+ XD
where 2 isarea 2— D vector with components x & y alongthe x— & y— axis, repectively.

= Limits

= Définition:

Limf(2 = wy

27
— Ve>0, 46>0
E) |z-2p| <6 = | f(@ -w|<e
— zeNs'(zg) = f(@e NS (wp)
«— Limf(zg+Az) = wy
Az-0
= (2 — w
27
m Theorems:
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= |Infinity

1
W- oo &< — 0
w

o Ve>016505]z-%| <5 5 | ~| <«
w

Continuity

Definition

f(2) iscontinuousat zy < Limf(2 = f(z)
7-7,

Derivatives

= Definition

f isdifferentiable <

df f(z+A2) - f(2
—=f'= Lim —

dz Az-0 Az

provided the limit exists & isindependent of how Az—0

Analyticity

Definitions

[N

. fisanalyticat zp <= qe> 05" existsY¥ ze Ne(20)

2. analytic = holomorphic = regular

w

. f isanalyticinD < f isanalyticV¥ ze D. (D isnecessarily open)
4. zyisanisolated singularity < de> 0> f' exists¥ ze N(Z) \ {zp} but not at zg

5. f isentire = f isanalyticV zfinite.

Theorems:

1. Letf, g beanalyticinD

I+

= f O g areandyticinD (g # 0inD assumedfor f/g)
/

2. f'=0inD = f =constantinD

Cauchy-Riemann Relations( C-RR ):
Ux = Vy , Uy = —Vx

f=zu+iv
C-RR < f isdifferentiable
C-RR + continuity of all partidls < f isanalytic
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Polar form:
Vo U

U =— —=-V
r r

s f isanalytic=

C-RR

of

— =0

4z

df of of
dz  ax ioy

u, v harmonic

Uxy = Uyx Vxy = Vyx

m Reflection Principle

Let D bearegion containing a segment of & symmetric to the x - axis.
Let f beanalyticinD.
f@*=f(z*) & fx)=f(X)* inD

» Harmonic Functions

Definition ( harmonic functions):
A real function f (x,y) isharmonic < f,+ fy,y, =0= Vf

Theorem:
f =u+iv anaytic= u,v harmonic.

Definition ( harmonic conjugates):
Let u, v be harmonic & satisfy the C-RR, v isthen the har monic conjugate of u.

Theorem:
Vv is a harmonic conjugate of u < —u isaharmonic conjugate of v

= Analytic Continuation (AC)

Definition:
Let f; & f, beanayticin D1 & D, respectively.
If fi= f, inDy (| Dy, fristhe AC of f; into D,.

()
| | f(Z) = —
Z

(Z° + AZH)?
f(z+Az) = ——
Z+ Az
(AZ")?

f (0 — f (Az) = =Ared 0

Az .
where Az= Are?

- f iscontinuousY z
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x—iy? x-3xy> y-3xy
= = + |

f(2) =u+iv
X+iy 2 4 Y2 ' 4 y2
3x2-3y? 2x(x*-3xy?)
Uy = -
X x2+y2 (x2+y2)2
6xy 2y(x®-3xy?
Uy = -
X+ y? (x2+y2)2
Vo= 6x _2x(y3—3x2y)
o 2 y2 (@)
3y?-3x% 2y(y*-3xy)
X+ y? (x2+y2)2

The values of these partials at (x,y) = (0,0) depends on the order of taking the limitsx — 0 & y — 0. This means they are
not continuous there. Nonetheless, they do have well defined values which isfound as follows.

ow
Since wy = (—] , Wy(0, 0) is obtained by setting y = O first, then x — 0. Obviously, wy(0, 0) meansx = O theny
OX )y = constant
— 0. Hence:
3x¢ 2x*
u(0,0) — — - ——1
X2 x4

It's straightforward to show that the C-RR is satisfied. This meansf is differentiable at z = 0. However, the partials are not
continuous so f isnot analytic there.

For z + 0, the C-RR is obviously not satisfied . f is differentiable only at z = 0 even though it's continuous everywhere.
That's why it's not analytic even at z = 0.

d
One trick to evaluate wy (0, 0) isto use wy(0, 0)= d_ w(x, 0)| . Hence:
X x=0

d
u(@0,0)=—x=1
dx
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