Integral Transform

Definitions

m Function Space

function space

A function space is alinear space of functionsdefined on the same domains & ranges.

= Linear Mapping

linear mapping

LetV(F), W(F) belinear spaces over thefield F.
A mappingf : V—W ,x f(x) islinear.
= ax+ by » f(ax+by)=af(x)+bf(y) VX, yeV & a beF

= Integral Transform

integral transform def

Let ‘W bethe function space over alinear space W(K),
% the function space over alinear space V(K).
K=Cor R

Theintegral transform 7~ from<V toW by thekernel K isalinear mapping:
T V—WwW

f » F=7]f] where f eV & FeW
such that
Flw) =7 [f(t); 0] = [ dtK(w; 1) f(t) whereteV & weW

F(w) iscaledtheintegral transform of function f (t) by the kernel K(w; t).

Theinversetransform 7~ fromW toV by thekernel H is alinear mapping:
TlWwW vy
Fr f=7"1F] where f eV & FeW
such that
f(t) =7 [F(w)t] = [,do Ht; w) F(w) whereteV & weW
f(t) iscalled theinversetransform of F(w) by thekernel H(t; w).

Linearity implies:

T laf+bgl=a7 [f]+b7 [q] Vf,geV & a bek
T llaF+bG]l=a7 1[F]+b7 1[G]

m Fourier (idempotent) Kernel

V=W2& K(w;t) = H(t; w)

note; thekernel of the fourier transformis not afourier kernel.
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= Convolution( Faltung/ Folding)

convolution def
LetV bethe function space over alinear space V(K); K=C or R
Letf, geV

Theconvolution(faltung) fxg of f and ginV isdefinedas
(fxg()=C [, dr f(t-T)g(r) VteV

where C is some constant.

m Fourier Transform

Kend K(w, t)=Cé vt H(t, w)=C'eiet CC'=—=

= Definition
fourier transform def

Flw=F[ft);w]=C f dte«t f(t)

—00

where f is piecewise continuous, differentiable, absolutely integrable ( | dt | f |exists).

m Fourier Integral Theorem

The proof of this theoremis rather involved.

To begin, we obtain the Riemann-L ebesgue Lemmafor finiteintervals; then extend it to infinite ones.
This begets the LocalizationLemma, 1st for finite, then infinite, intervals.

Finally, we arrive at the Fourier Integral Theorem

»  Riemann-L ebesgue Lemma

Riemann-Lebesgue lemma
Let f(t) be piecewisecontinuousfor 0<a<t<b<oo

b b
= [dtf®)sinat— 0 [dt f(tycosAit—> 0
a A— oo a A— oo

= proof

The proof below assumes f to be continuousin [a, b].
Thecasefor f piece-wisecontinuousis proved by applying the techniqueto each continuous segment individuallly.

b b- 7
fdtf(t)sin/lt 7) - f‘de(T+ %)Sinl‘r
a T=t-- x

roa- -
A

where sin(At + ) = — SinAt
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b
2 [dtf ()sinat
a

b-Z
fAdt f(t+ T)sinat

a- -
A

b
[dtftysinat —
a

b b_,l b_f_{ a
= [ dtf®sinat + fldtf(t)sin/lt— f‘dtf(t+ T)snat — [ dtf(t+ T)sinat
b- < a a a-©
b b_% a
= [ dtf®snat + [ d{f®-f(t+ T)jsnat— [ dtf(t+ T)sinat
b—% a a_,§
= |l+|2—|3

where

b
li= [ dtft)sinat
b-

Bl

=

b—

lo= [ dt{fh)-f(t+ I)}sinat
aa

lg= [ dtf(t+ T)sinat

a— -
A

Since f is piecewisecontinuous, it is bounded,ie. 3IM >0 > |f| <M.
Using | [dtg| < [dt|g|, |sinx|=1
we have
b
[li|<M [ d=M7F
b- 2
A

[la] <M

Now, by the mean value theorem,

flt+ 3)=fO+f' o7 wherea<s<b
| fO-flt+ T)| =N7T whereN =max | f '
| I =NZ(b- T -3

Thus

b
2|£dtf(t)sin/1t |< 2M T +Nf(b-f-a) — 0

b
Hence: fdtf(t)sin)\tA—> 0
a — 00

Proof for the cos case proceedsin the same manner.
Writing €t =cosAt + isinAt, wehave

b
[dtftett— 0
a A—> o0



4 | IntegralTransform.nb

= Corollary

Riemann-Lebesgue Corollary

Let
1 f (t) be piecewise continuous for O<a=<t< oo

2. f isabsolutelyintegrable.ie. [ dt | f | exigs.
0

= [dtf®)ysinat— 0 [dtf(tycosAit— 0
A o0 A o0

a a

= proof

[dtfsnat =fbdtf(t)sinm s [dtf@snat
a a b
|Zdtf(t)sin/1t | s}bodt | f(t)| ‘sin/lt | <Zdt ‘ f(t)|
f isabsolutely integrable =
Zdt [fo| — 0

0 b
[dtfysinat = lim lim [dtft)sinat =0
a

booco A>oc0 a

m L ocalization Lemma

localization lemma

Let f '(t) bepiecewisecontinuousfor O<t=<a< oo

a .
= [dfo R 210,
0

t —Null

= proof

The proof below assumes f ' to be continuous.

Thecasefor f ' piece-wisecontinuousis proved by applying the techniqueto each continuous segment individuallly.

a .
Let  [dtfr) B=1+1,
0

a .
where l1=f(0,) [ot S”t’“
0

t

lp=[dt{ f(t)- f(0,)} =
0

. . f(t-f (0,
f ' is continuous —s %

is continuousin [0, a]
— |2 — 0

A= oo
Now:

a sinAt
dt =
{ t u=2

Aa sin sin
u u m
t {du du== =7

a rEE s
Hence: Jdtfty —=— £(0,)
0



Corollary 1

Let
1 f '(t) be piecewisecontinuousfor 0 <t < co

2 f isabsolutely integrable. ie. [ dt | f| exists.
0

SN fdtf(t)s‘“t“r 210,
O — 00

[dtfiten T — )
O A— 00

= proof

Proof for the 1st part is analogousto that used in the Riemann-L ebesguecorollary.

2nd part is obtained by a simple change of variable.

= Corollary 2

Let
1. f ' (t) be piecewisecontinuousfor —co <t < oo

2. f isabsolutely integrable.ie. [ ‘ f‘ exists.

snat 7w
t—Null 2

= }Cdtf(t) {0+ f(0))

= proof

0 )
sinAt sinat n
[dtf() i {dtf(—t) T 5 (0

—00

m Fourier Integral Theorem

fourier integral thm
Let
1. f ' (t) be piecewisecontinuousfor —co <t < oo

2. f isabsolutelyintegrable.ie. [ dt ‘ f‘ exists.

S+ )= %Zdw fdr f(7) cosw (r - 1)

—00

S+ f)= o= f dw fdreiw“—t) f(7)

If f iscontinuous at t.

ft) = %}Odw }Odr f(r) cosw (r - 1)
0

—00

f)=5 [ do [ drd@ f(r)

—00
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proof

St +f)) =2 [defr+y I (> )

_ 17 snA(r—t)
= - de f(r) —

T 71
Now:
p inA (r—t
fdw cosw (t—1) = %
0
S+ f(t_)}:%fdw [ dr f(r) cosw (r-1)
0 —00
Using

= |nverseTransform

f(t)=F [Fw)tl=C" f dw et F(w) cC'= -

—00

= proof
AT M=o [ do [ drde@ f(y)

- C'[dw eC [ drevT f(n)

—00 —0o0

=C' [ dw e'“'F(w)

—00

= Dirac Delta Function

s =5 [doet

= proof

AT == [ do [ drdef(n)

—00

00

= fd'rf('r) % }odw gy

f(t)= f dr f(n)o(r-1)

—00

- Sr-t=— [do v

m Transform of Derivatives

Fl f™1); 0] = (i )" Fw)



= proof

Let Fw)=F[ft),w]=C f drd et f(t)

—00

df,

Fl(w)=7"[ o ,w]:Cfdte““‘%

Cfty @et |, —iwC [ dtee f(t)

—00

-1 wF(w)
where f(t) —— 0 sinceit is absolutely integrable.

|t] =00

Thegeneral case can be proved by induction.

= Convolution ( Faltung ) Theorem

de gn) f(t—-7)= fda) e ' Gw)F(w)

—00 —00

whereF, G arefouriertransformsof f, g, respectively

= Parseval Relation
(oo} C' (oo}
fdtg(t)*f(t):g fda) Gw)' F(w)

= proof

Using f()=C" [ dw e'“!' F(w)

—00

Gw) =C T dte“t g(ty*

—00

— O}dt g f(t)y=C" O}dt gm* }O dw €19 F(w)

—00 —00 —00

00 00

}0 dw F(w) G(w)*

—00

&
c

= Laplace Transform

Kernd K(s, t) =€t H(t, 9) = % est
Xe€ [0, oo] Res>5>0

= Definition

Givenafunction f (t) of areal variablet.

Its Laplace transform F(s) is defined, if theintegral exists, as
F(9=L[f(t);s]= [dte f(t)= [ dtes' f(t)o)
0 —00

C' [ dwF(w) [ dtgt)ye’e
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If 39, to > |e®tf)| =M Yi>ty
— F(s) existsV s> g
f isthen said to be of exponential order.

Fort— 0, et f(t) — f(t)
F(s) doesnot existsif f ~t" Vn<-1
= |nverseTransform
’y+ioc

fO=LYF@E;tl=5- [ dset F(9

y—ioo
= proof

AT M= [ do [ dree™ f(r)

= Mdlin Transform

Kernel K(s, t) =t H(t, 9 = Ziﬂirs

xe [0, o] Res> >0

m Hankel Transform

Kernd Ky(k, 1) =1 Juy(kr) Hnp(r, K) =k Jy(kr)
k, re[0, o] n = integers

= References

I.N.Sneddon, "TheUse of Integral Transforms', McGraw Hill (72)
G.Arfken, "Mathematical Methods for Physicists', 3rd ed., Chap 15.
F.W.ByronJr., RW.Fuller, "Mathematics of Classical & Quantum Physics', Vol |1, Addison Wesley, (69,70)



