
Integral Transform

Definitions

� Function Space

function space

A function space is a linear space of functions defined on the same domains & ranges.

� Linear Mapping

linear mapping

Let V HFL, WHFL  be linear spaces over the field F.

A  mapping f : V � W   , x # f HxL  is linear.

�  a x + b y # f Ha x + b yL = a f HxL + b f HyL " x, y Î V   &   a, b Î F

� Integral Transform

integral transform def

Let W  be the function space over a linear space WHKL,
       V        the function space over a linear space V HKL.
       K = C or  R

The integral transform T  from V to W  by the kernel K is a linear mapping:

T : V � W

      f # F = T @ f D where  f Î V  &  F Î W

such that    

FHΩL = T @ f HtL; ΩD = ÙV
dt KHΩ; tL f HtL  where  t Î V    &   Ω Î W   

FHΩL is called the integral transform of function f HtL by the kernel KHΩ; tL.
The inverse transform T -1  from W to V by the kernel H is a linear mapping:

T
-1 : W � V

      F # f = T
-1 @FD where  f Î V  &  F Î W

such that    

f HtL = T
-1 @FHΩL; tD = ÙW

dΩ HHt; ΩL FHΩL  where  t Î V    &   Ω Î W   

f HtL is called the inverse transform of  FHΩL by the kernel HHt; ΩL.
Linearity implies:

T @a f + b g D = a T @ f D + b T @gD " f , g Î V  &   a, b Î K

T
-1 @a F + b G D = a T

-1 @FD + b T
-1 @GD

� Fourier ( idempotent ) Kernel

V = W  & KHΩ; tL = HHt; ΩL
note: the kernel of the fourier transform is not a fourier kernel.



� Convolution ( Faltung / Folding )

convolution def

Let V  be the function space over a linear space V HKL;  K = C or  R

Let f , g Î V

The convolution ( faltung )  f * g  of f   and g in V  is defined as

H f * gL HtL º C ÙV
dΤ f H t - Τ L gHΤL " t Î V

where C  is some constant.

� Fourier Transform

Kernel  KHΩ, tL = C ei Ω t HHt, ΩL = C ' e-i Ω t C C ' =
1

2 Π

� Definition

fourier transform def

FHΩL = F @ f HtL; ΩD = C Ù¥
-¥

dt ei Ω t f HtL
where f  is piecewise continuous, differentiable, absolutely integrable   ( Ù¥

-¥

dt f  exists ).

� Fourier Integral Theorem

The proof of this theorem is rather involved.

To begin, we obtain the Riemann-Lebesgue Lemma for finite intervals; then extend it to infinite ones.

This begets the Localization Lemma, 1st for finite, then infinite, intervals.

Finally, we arrive at the Fourier Integral Theorem.

� Riemann-Lebesgue Lemma

Riemann-Lebesgue lemma

Let f HtL be piecewise continuous for  0 < a £ t £ b < ¥

� Ùb

a

dt f HtL sin Λ t
Λ ® ¥

0 Ùb

a

dt f HtL cos Λ t
Λ ® ¥

0

� proof

The proof below assumes f   to be continuous in @a, bD.
The case for f   piece-wise continuous is proved by applying the technique to each continuous segment individuallly.

  Ùb

a

dt f HtL sin Λ t
Τ = t -

Π

Λ

- Ù
b -

Π

Λ

a -
Π

Λ

dΤ f IΤ +
Π

Λ
M sin Λ Τ

where   sinHΛΤ + ΠL = - sinΛΤ

\ 2 Ùb

a

dt f HtL sin Λ t

= Ùb

a

dt f HtL sin Λ t - Ù
b -

Π

Λ

a -
Π

Λ

dt f It +
Π

Λ
M sin Λ t

= Ùb

b -
Π

Λ

dt f HtL sin Λ t + Ù
b -

Π

Λ

a

dt f HtL sin Λ t - Ù
b -

Π

Λ

a

dt f It +
Π

Λ
M sin Λ t - Ùa

a -
Π

Λ

dt f It +
Π

Λ
M sin Λ t

= Ùb

b -
Π

Λ

dt f HtL sin Λ t + Ù
b -

Π

Λ

a

dt 9 f HtL - f It +
Π

Λ
M= sin Λ t - Ùa

a -
Π

Λ

dt f It +
Π

Λ
M sin Λ t

= I1 + I2 - I3
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\ 2 Ùb

a

dt f HtL sin Λ t

= Ùb

a

dt f HtL sin Λ t - Ù
b -

Π

Λ

a -
Π

Λ

dt f It +
Π

Λ
M sin Λ t

= Ùb

b -
Π

Λ

dt f HtL sin Λ t + Ù
b -

Π

Λ

a

dt f HtL sin Λ t - Ù
b -

Π

Λ

a

dt f It +
Π

Λ
M sin Λ t - Ùa

a -
Π

Λ

dt f It +
Π

Λ
M sin Λ t

= Ùb

b -
Π

Λ

dt f HtL sin Λ t + Ù
b -

Π

Λ

a

dt 9 f HtL - f It +
Π

Λ
M= sin Λ t - Ùa

a -
Π

Λ

dt f It +
Π

Λ
M sin Λ t

= I1 + I2 - I3

where

I1 = Ùb

b -
Π

Λ

dt f HtL sin Λ t

I2 = Ù
b -

Π

Λ

a

dt 9 f HtL - f It +
Π

Λ
M= sin Λ t

I3 = Ùa

a -
Π

Λ

dt f It +
Π

Λ
M sin Λ t

Since f  is piecewise continuous, it is bounded, ie. $ M > 0  '  f < M.

Using Ù dt g £ Ù dt g  , sin x £ 1

we have

I1 < M Ùb

b -
Π

Λ

dt = M Π

Λ

I3 < M Π

Λ

Now, by the mean value theorem,

f It +
Π

Λ
M = f HtL + f ' HsL Π

Λ
where a £ s £ b

\ f HtL - f It +
Π

Λ
M £ N Π

Λ
where N = max f '

I2 £ N Π

Λ
Ib -

Π

Λ
- aM

Thus

2 Ùb

a

dt f HtL sin Λ t < 2 M Π

Λ
+ N Π

Λ
Ib -

Π

Λ
- aM

Λ ® ¥
0

Hence: Ùb

a

dt f HtL sin Λ t
Λ ® ¥

0

Proof for the cos case proceeds in the same manner.

Writing  ei Λ t = cos Λ t + i sin Λ t, we have

Ùb

a

dt f HtL ei Λ t

Λ ® ¥
0
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� Corollary

Riemann-Lebesgue Corollary

Let 

1. f HtL be piecewise continuous  for  0 < a £ t < ¥

2. f   is absolutely integrable. ie.   Ù
0

¥

dt f   exists.

� Ù¥
a

dt f HtL sin Λ t
Λ ® ¥

0 Ù¥
a

dt f HtL cos Λ t
Λ ® ¥

0

� proof

Ù¥
a

dt f HtL sin Λ t = Ùb

a

dt f HtL sin Λ t + Ù¥
b

dt f HtL sin Λ t

Ù¥
b

dt f HtL sin Λ t £ Ù¥
b

dt f HtL sin Λ t < Ù¥
b

dt f HtL
f   is absolutely integrable �

Ù¥
b

dt f HtL
b ® ¥

0

\ Ù¥
a

dt f HtL sin Λ t = lim
b ® ¥

lim
Λ ® ¥

Ùb

a

dt f HtL sin Λ t = 0

� Localization Lemma

localization lemma

Let f ' HtL  be piecewise continuous for  0 < t £ a < ¥

� Ùa

0

dt f HtL sin Λ t

t �Null
  Π

2
f H0+L

� proof

The proof below assumes f  '  to be continuous.

The case for f  '  piece-wise continuous is proved by applying the technique to each continuous segment individuallly.

Let Ùa

0

dt f HtL sin Λ t

t
= I1 + I2

where I1 = f H0+L Ùa

0

dt sin Λ t

t

I2 = Ùa

0

dt 8 f HtL - f H0+L < sin Λ t

t

f '  is continuous �
f HtL- f H0+L

t
is continuous in @0, aD

� I2
Λ ® ¥

0

Now:

Ùa

0

dt sin Λ t

t
=

u = Λ t
ÙΛ a

0

du sin u

u
Λ ® ¥

Ù¥
0

du sin u

u
=

Π

2

Hence: Ùa

0

dt f HtL
sin Λ t

t Λ ® ¥

Π

2
f H0+L

� Corollary 1
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�

Corollary 1

Let 

1. f ' HtL  be piecewise continuous for  0 < t < ¥

2. f   is absolutely integrable. ie.   Ù
0

¥

dt f   exists.

� Ù¥
0

dt f HtL sin Λ t

t Λ ® ¥
 Π

2
f H0+L

Ù¥
0

dt f Ht + xL sin Λ t

t Λ ® ¥
 Π

2
f Hx+L

� proof

Proof for the 1st part is analogous to that used in the Riemann-Lebesgue corollary.

2nd part is obtained by a simple change of variable.

� Corollary 2

Let 

1. f ' HtL  be piecewise continuous for  -¥ < t < ¥

2. f   is absolutely integrable. ie.   Ù
-¥

¥

dt f   exists.

� Ù¥
-¥

dt f HtL sin Λ t

t �Null
 Π

2
8 f H0+L + f H0-L <

� proof

Ù0

-¥

dt f HtL sin Λ t

t
=

t ® -t
Ù¥
0

dt f H-tL sin Λ t

t Λ ® ¥
 Π

2
f H0-L

� Fourier Integral Theorem

fourier integral thm

Let 

1. f ' HtL  be piecewise continuous for  -¥ < t < ¥

2. f   is absolutely integrable. ie.   Ù
-¥

¥

dt f   exists.

�

1

2
8 f Ht+L + f Ht-L < =

1

Π
Ù¥
0

dΩ Ù¥
-¥

dΤ f HΤL cos Ω HΤ - tL
1

2
8 f Ht+L + f Ht-L < =

1

2 Π
Ù¥

-¥

dΩ Ù¥
-¥

dΤ ei Ω HΤ-tL f HΤL
If f  is continuous at t.

f HtL =
1

Π
Ù¥
0

dΩ Ù¥
-¥

dΤ f HΤL cos Ω HΤ - tL
f HtL =

1

2 Π
Ù¥

-¥

dΩ Ù¥
-¥

dΤ ei Ω HΤ-tL f HΤL

� proof
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�

proof

1

2
8 f Ht+L + f Ht-L < =

1

Π
Ù¥

-¥

dΤ f HΤ + tL sin Λ t

t
( Λ � ¥ )

=
Τ ® Τ-t

1

Π
Ù¥

-¥

dΤ f HΤL sin ΛHΤ-tL
Τ-t

Now:

ÙΛ

0

dΩ cos Ω HΤ - tL =
sin Λ HΤ-tL

Τ-t

\
1

2
8 f Ht+L + f Ht-L < =

1

Π
Ù¥
0

dΩ Ù¥
-¥

dΤ f HΤL cos Ω HΤ - tL
Using

� Inverse Transform

f HtL = F
-1@FHΩL; tD = C ' Ù¥

-¥

dΩ e-i Ω t FHΩL CC ' =
1

2 Π

� proof

FIT � f HtL =
1

2 Π
Ù¥

-¥

dΩ Ù¥
-¥

dΤ ei Ω HΤ-tL f HΤL
      = C ' Ù¥

-¥

dΩ e-i Ω t C Ù¥
-¥

dΤ ei Ω Τ f HΤL
      = C ' Ù¥

-¥

dΩ e-i Ω t FHΩL

� Dirac Delta Function

∆HtL =
1

2 Π
Ù¥

-¥

dΩ ei Ω t

� proof

FIT � f HtL =
1

2 Π
Ù¥

-¥

dΩ Ù¥
-¥

dΤ ei Ω HΤ-tL f HΤL
      = Ù¥

-¥

dΤ f HΤL 1

2 Π
Ù¥

-¥

dΩ ei Ω HΤ-tL

f HtL = Ù¥
-¥

dΤ f HΤL ∆HΤ - tL
� ∆HΤ - tL =

1

2 Π
Ù¥

-¥

dΩ ei Ω HΤ-tL       

� Transform of Derivatives

F A f HnLHtL; ΩE = H-i Ω Ln FHΩL
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� proof

Let FHΩL = F @ f HtL; ΩD = C Ù¥
-¥

dt ei Ω t f HtL
F1HΩL = F B d f HtL

d t
; ΩF = C Ù¥

-¥

dt ei Ω t d f HtL
d t

= C f HtL ei Ω t
-¥
¥ - i Ω C Ù¥

-¥

dt ei Ω t f HtL
= -i Ω FHΩL

where f HtL
t ® ¥

0  since it is absolutely integrable.

The general case can be proved by induction.

� Convolution ( Faltung ) Theorem

Ù
-¥

¥

dΤ gHΤL f H t - Τ L = Ù
-¥

¥

dΩ e-i Ω t GHΩL FH Ω L
where F, G  are fourier transforms of f , g , respectively

� Parseval Relation

à
-¥

¥

dt g HtL* f H t L =
C '

C
à

-¥

¥

dΩ G HΩL* F H Ω L

� proof

Using f HtL = C ' Ù¥
-¥

dΩ e-i Ω t FHΩL
GHΩL* = C Ù¥

-¥

dt e-i Ω t gHtL*

� Ù
-¥

¥

dt g HtL* f H t L = C ' Ù
-¥

¥

dt g HtL* Ù¥
-¥

dΩ e-i Ω t F HΩL
   = C ' Ù¥

-¥

dΩ FHΩL Ù
-¥

¥

dt gHtL* e-i Ω t

   = C '

C Ù¥
-¥

dΩ FHΩL GHΩL*

� Laplace Transform

Kernel  KHs, tL = e- s t HHt, sL =
1

2 Π i
e s t

x Î @0, ¥D Re s > s0 > 0

� Definition

Given a function f HtL  of a real variable t.

Its Laplace transform FHsL is defined, if the integral exists, as

FHsL = L@ f HtL; sD = Ù¥
0

dt e-s t f HtL = Ù¥
-¥

dt e-s t f HtL ΘHtL
If  $ s0 , t0   '  e-s0 t f HtL £ M  " t > t0

� FHsL   exists " s > s0

f   is then said to be of exponential order.

IntegralTransform.nb  7



If  $ s0 , t0   '  e-s0 t f HtL £ M  " t > t0

� FHsL   exists " s > s0

f   is then said to be of exponential order.

For t � 0,  e-s t f HtL � f HtL
\ FHsL  does not exists if f ~ t n  " n £ -1

� Inverse Transform

f HtL = L
-1@FHsL; tD =

1

2 Π i Ù
Γ + i ¥

Γ - i ¥

ds es t FHsL

� proof

FIT � f HtL =
1

2 Π
Ù¥

-¥

dΩ Ù¥
-¥

dΤ ei Ω HΤ-tL f HΤL

� Mellin Transform

Kernel  KHs, tL = t s-1 HHt, sL =
1

2 Π i
t -s

x Î @0, ¥D Re s > s0 > 0

� Hankel Transform

Kernel  KnHk, rL = r JnHk rL HnHr, kL = k JnHk rL
k, r Î @ 0, ¥ D n = integers

� References

I.N.Sneddon, "The Use of Integral Transforms", McGraw Hill (72)

G.Arfken, "Mathematical Methods for Physicists", 3rd ed., Chap 15.

F.W.Byron Jr., R.W.Fuller, "Mathematics of Classical & Quantum Physics", Vol II, Addison Wesley, (69,70)

8   IntegralTransform.nb


