Tensors

= Definition: GL(m, ©)

Let Vi, be acomplex linear space of dimension m.
The General Linear Group GL(m, C) isthegroup of al invertible linear transformationson V.

= Definition: Tensor Space V,

The tensor space Vy, isthe direct product of n linear spaces Vi,
Vi = Vi XV ... XV,

Elementsof V, are caled tensorsof rank n.

m Note

The aboveis actually the definition of contravariant tensors.
Covariant & mixed tensors are obtained by replacing al or some of the Vi, 's by their dual spaces Wi,

In the theory of tensor analysis, tensors are defined in terms of the transformation properties of their components. Thus,
coordinate systemsplay a central part of the theory at the very beginning.

The definition given here emphasizes the geometric nature of tensors which are independent of coordinate systems. It is the
approach adopted in the theory of differential geometry.

= Natural Basis

Givenabasis{| i )} for Vy,,the natural basisfor VAT

[ g .vin)y=[1)X% oo X in)
— | xy= ) Xy i Y= X i) VxeVh
i1...0n
Setting
I ={i1...in}
we can write:
[0 .cind=]1)

| xy=> %)
|

The x' 'sare called the tensor componentsof x.
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= Operators

For any operator g on V, defined by
glir=]i>d,
the corresponding operator G on Vy, as
G|l )y=glit)x...xglin)
= X .. x|ja)y gy, ... gh

= > 1367
J

In

where
GJI =Gl n iy in = gjlil ginin_
For ge GL(m, ©) , thematrix (g!;) formsa m—D representation.
The matrix (G?,) thenformsa nm- D representation of GL(m, C).
Glx)=|x)=xG|lI)=x]1)G% =x5"|J)
— x7=G, ¥
Obviously, this representation isin general reducible.

= Representation of S, on V]

Y peS,, defineoperator P on V[ as

PIX)=1%)
5 Xp! = xP! pl=pliz...in}={ip, ...ip,}
ie. Xpi1--in = x Tou - Iy
Since
[ x)=x[1) | % ) =xp'|1)
we have

| Xp )=P[x)=x P|I)
= xp?|3)=xPI|I)=x|ptl)
—  PlIy=]|p?l)
ie. Pliz..in)=| pHip...in} )= | [ )
The matrix representation (P';) of p on Vj isdefined by
Pl1y=]J3)P% =] p?l)

ie. | ja.e o yPiidng o= \ et o et )

Ippt lip, °° i"pn

— P =Phedng =60 L6 =6 5,
Lo 'ty m'n

Obviously, this representation isin general reducible.

= Definition: Symmetry Preserving Transformations

Let (D';) bethe matrix representation of alinear transformation D on V.
D issymmetry preserving < DP',;=D'; Y pe$

eg. Elementsof both GL(m, C) & S, are symmetry preserving.
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Theorem: GP=PG

Let
ge GL(MO), pe S,
= GP=PG on Vj;

m Definition: Tensors of Symmetry @i’

Tensorsof symmetry ©; areelementsof theset { e} |a), | a )e V|

where el isthe Young symmetrizer of the Y oung tableau @°.

= Definition: Tensors of Symmetry Class A

Tensorsof symmetry classA areelementsof theset {re |a); reS,, | a )eVal

where S, isthegroup algebraof S,
e, isthe Young symmetrizer of the normal Young tableau ©,.

The presence of r in the definition means that the symmetry class is characterized by the Y oung diagrams instead of
individual tableaux.

= Definition: Ty(@)

Foragiven | @ ) eV, wedefine
T ={re|a); reSy}
where S, isthe group algebraof S,
e, isthe Young symmetrizer of the normal Young tableau ©,.

s Theorem: Tr(@) is invariant under S,
= Theorem: Rep of S, on Ty(@) = IR generated by e, on S,
= Theorem: M@=Ty(B or T(@NT(B)=0

Theorem: Ta(@ N T.(B=0 if Afpu
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