6.6.a. SUSY Quantum Mechanics

Introduction to SUSY QM

Ref: F.Cooper et al, “Supersymmetry in Quantum Mechanics”, Chap.3.

Consider the 1-D Hamiltonian
P
=—+ V(X)
2m
If V is bounded below, we can set the ground state energy Ey = 0 so that the Schrodinger eq. for the
ground state @y becomes
P d?
HW0=(-_ _+V)ll/0=0
2m d x?
o d®y
- V=— °
2m yyd X

i.e., if Yo is known, one can contruct a V that gives rise to it.

We wish to write

H=A"A
where
. P P
A=j + W (x) A =—i + W (x)
v2m Vv2m
Thus
Hz(—i P +W)(i P +W)
V2m v2m
p° i
= ——+W-——(pW-Wp)
2m v2m
p© , h dw
=—+ -
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) h dW
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The solution to this is
W= — h d yo
v2m Wodx
Proof:
szh_z(dwo )2
2m\ Yodx
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9 — —
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By the switching A & A", we obtain the supersymmetric partners of H & V/,

p?

H=AA"=— +V'(x)
2m
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V'i=W?+

(bW -Wp)
2m
h dw

v2m dx
=2W?-v
- V+V'=2W?

=W?+

Let y, & @', be the o eigenstates, with eigenvalues E, & E',,, of H & H', respectively.
HWn:A+A Wn =E,p,

Ax both sides gives
AATA yp=H'(A W)= En(A wy)

- Ay, is an eigenstate of H' with eigenvalue E,,.
However, for n=0,

Ey=0 - Ayy=0
so that the eigenstates of H' start with A g4, i.e.,

Yo x Ay & E'g=E;4
- W'h oA Wniq & E'n=Ep Vn=012 ..
Conversely,

A+H'(,U'n:A+AA+ wln :H(A+ wvn) :Eln(A+ Ll/'n)
- A" ', is an eigenstate of H with eigenvalue E'),.
Since we already established E',, = E

Wpo1 AT @', VY n=0,1,2, ..
which means @y has no super-partner.

A
E /’\ E'
3 2
\/

E» : A E"
E: E'
Eo
Thus, the solutions to a rather difficult eigen-problem

Hl wl = El wl
can be obtained with ease if its superpartner problem

Hy=Euy
are easily solvable. In which case,

W' o A Wny & E'n=Eni

See Cooper for examples of such applications.
We now normalize the eigenstates. Let
Wit =CA" W'y > Y =C Y A
5> (Waet | Wn) =cc (W | AAT | @'y) =CTCEW (Y | W)
=C CE (Y| ¥
1

1
ATy, =——A Y,
En+1 E'n
are all normalized if the ', are.

Wnit1 =
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Thus,
AWy = AAT Y,
En+1
Setting @', =c'A W1
1 1
- - Y= E'n¢'h=+En1 ¥’y
c
En+1
1 1
C' = =
En+1 E'n
& the normalized superstates are
1
Yh=——AWn1= A Yni
E'n En+1

SUSY Hamiltonian

The two spectra can be combined into a SUSY Hamiltonian

H 0 A*A 0
W'(o H') '( 0 AA+)
with 2 kinds of eigenstates :
Wn ., (O
qJ”_(0) . w"_(w'n)
and degenerate energies
E'n=Eni
The cross over of states can be effected by the operators
00 0 A*
= & "=
24 o) @=(5 o)
For example,
1
Wpny1=—— AT ‘auln
E',
now becomes
1
WY1 = —— Q" v,
\/ E',
the validity of which is easily checked.
Note that
0 0\/O O 0 A*\/0 A*
P(aollao)o & g )0 )0
AO0/J\ADO 00 00
- {Q Q}=0 & {Q", Q"}=0

Thus, Qor Q" anti-commutes with itself, so we may call them Fermion operators.

Calling the space spanned by ¥, (V') the bosonic (fermionic) sector, Q & Q" thus performs the
transmutation between bosons & fermions, hence the name SUper-SYmmetry (SUSY).

Also,
., (0 0\/0 A* 0 0
Qa _(A o)(o 0 ) ‘(o AA*)
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. 0 A*\/0 O A*A 0
QQ_(O 0)(A o)"( 0 o)

- {Q Q" }y=H

0 0\(A*A O 0 0

& Q(H_(A o)( 0 AA*)_(AA"A o)
A'A 0 00 0 0
(HQ:( 0 AA*)(A 0) :(AA+A o)

- [Q, H]=0

Using {Q, QF, H, | } as basis, together with the anti- & commutation rules,

{Q, Q}=0 {Q", Q"}=0 {Q Q" }=H

[Q H]=0
one can construct a closed algebra classified as sl(1/1), where sl stands for superlinear & 1/1
means that the irreducible representation that defines the algebra are block matrices of dimensions
(1+1)x(1+1).

QZ
The general Pauli Hamiltonian:
ATA 0 H' 0
Ho=c? Q= Cz( ) _
@ 0 AA* 0 H
is a super-hamiltonian.

The energy degeneracy discussed in 6.6. DiracElectronsinMagneticField.pdf can therefore be
understood in terms of SUSY.



