
8.5.  Anyon Field Operators

In this section, everything is evaluated at the same time t, e.g.,
x = (t, r ) x ' = (t, r ') xa = (t, ra)

As in the QM case,

Dϕ = ∇-i
q
ˇ

ℏ
C ϕ = ∇ ψ  

if we set

ψ(x) = ei α Θ(x) ϕ(x) with ∇Θ = -
q
ˇ

ℏα
C 

From 8.4.a._EquivalenceToQMSystem.pdf, we have

C(x) =
ℏ α

q
ˇ  d

2
r '∇θ(r -r ') ρ(x ') ( ρ =ϕ+ ϕ )

→ ∇Θ = - d
2
r '∇θ(r -r ') ρ(x ') 

∴ Θ(x) = - d
2
r ' θ(r -r ') ρ(x ') 

Note: For stationary states,  ρ(x) = ρ(r )

→ C(x) =C(r ) & Θ(x) =Θ(r )

[Θ(x), ϕ(x ') ] = - d
2
r1 θ(r -r1) [ρ(x1) , ϕ(x ') ]

[ ρ(x1) , ϕ(x ') ] = [ϕ+(x1) , ϕ(x ') ]ϕ(x1)

  = -δ(r1 - r ')ϕ(x ')

→ [Θ(x), ϕ(x ') ] = θ(r -r ')ϕ(x ')

Using Hausdorff’s formula

e
A
B e

-A = 
n = 0

∞

(adA)
n
B ( adA B = [A, B] )

   =B + [A, B] +
1

2
[A, [A, B] ] + ...

with A = i α Θ(x ')  & B =ϕ(x), we have
[ i α Θ(x ') , ϕ(x) ] = i α θ(r ' -r )ϕ(x)

[ i α Θ(x ') , [ i α Θ (x ') ,ϕ(x) ] ] = (i α)2 θ(r ' -r ) [Θ (x ') , ϕ(x) ]

   = (i α)2 θ(r ' -r )2 ϕ(x)

(adA)
n
B =

(i α)2

n !
θ(r ' -r )n ϕ(x)

→ e
i α Θ(x') ϕ(x) e-i α Θ(x') = 

n = 0

∞ (i α)2

n !
θ(r ' -r )n ϕ(x) 

= ei α θ(r '-r ) ϕ(x)

∴ ψ(x)ψ(x ') = ei α Θ(x) ϕ(x) ei α Θ(x') ϕ(x ')

      = ei α Θ(x)
e
i α Θ(x')

e
-i α Θ(x') ϕ(x) ei α Θ(x') ϕ(x ')

      = ei α Θ(x)
e
i α Θ(x')

e
-i α θ(r '-r ) ϕ(x)ϕ(x ')

      = e-i α θ(r '-r )
e
i α Θ(x)

e
i α Θ(x') ϕ(x)ϕ(x ') (θ is not an operator )

x ↔ x ' gives

ψ(x ')ψ(x) = e-i α θ(r -r ')
e
i α Θ(x')

e
i α Θ(x) ϕ(x ')ϕ(x)



Using
[AB, C] = A [B, C] + [A, C]B [A , BC] = [A, B]C +B [A, C]

we have
[ ρ(x) , ρ(x ') ] = [ϕ+(x)ϕ(x) , ϕ+(x ')ϕ(x ') ]

          = [ϕ+(x) , ϕ+(x ')ϕ(x ') ]ϕ(x) +ϕ+(x) [ϕ(x) , ϕ+(x ')ϕ(x ') ]
          =ϕ+(x ') [ϕ+(x) , ϕ(x ') ]ϕ(x) +ϕ+(x) [ϕ(x) , ϕ+(x ') ]ϕ(x ')
          = -ϕ+(x ')δ(r - r ')ϕ(x) +ϕ+(x)δ(r - r ')ϕ(x ')
          = 0

→ [Θ(x) , Θ(x ') ] = d
2
r1 d

2
r2 θ(r -r1) θ(r ' -r2) [ρ(x1, ρ(x2) ] = 0

Using

θ(-r ) = θ(r ) ±π for  
0 ≤ θ < 2π

-π < θ ≤π

0 ≤ α ≤ 1
we have

ψ(x)ψ(x ') - e±i α π ψ(x ')ψ(x) = e-i α θ(r '-r )
e
i α Θ(x)

e
i α Θ(x') [ϕ(x), ϕ(x ') ] = 0

→ ψ(x)ψ(x ') = e±i α π ψ(x ')ψ(x)

which is just the operator description of an anyon exchange.

Note:  The ambiguity in sign is to be expected since x & x ' are equivalent so that e±i α π  can be on 
either side of the equation.

Setting x = x ', we have

ψ(x)2 = e±i α π ψ(x)2

Since  e±i α π ≠ 0, we have

ψ(x)2 = 0 →  0 ψ(x)2 = 0

i.e., two anyons can’t occupy the same space at the same time.

ρ+ = ρ → Θ+ =Θ

∴ ψ(x)ψ+ x ' = ei α Θ(x) ϕ(x)ϕ+ x ' e-i α Θ(x')

ψ+ x ' ψ(x) =ϕ+(x ') e-i α Θ(x')
e
i α Θ(x) ϕ(x)

       =ϕ+(x ') ei α Θ(x)
e
-i α Θ(x') ϕ(x)

       = ei α Θ(x)
e
-i α Θ(x) ϕ+(x ') ei α Θ(x)

e
-i α Θ(x') ϕ(x) ei α Θ(x')

e
-i α Θ(x')

e
-i α Θ(x) ϕ+(x ') ei α Θ(x) =  e-i α Θ(x) ϕ(x ') ei α Θ(x) 

+

   =  e-i α θ(r -r ') ϕ(x ') 
+

   = ei α θ(r -r ') ϕ+(x ')

→ ψ+ x ' ψ(x) = ei α Θ(x)
e
i α θ(r -r ') ϕ+(x ') e-i α θ(r '-r ) ϕ(x) e-i α Θ(x')

       = ei α { θ(r -r ') - θ(r '-r ) }
e
i α Θ(x) ϕ+(x ')ϕ(x) e-i α Θ(x')

       = e∓ i α π
e
i α Θ(x) ϕ+(x ')ϕ(x) e-i α Θ(x')

∴ ψ(x)ψ+(x ') - e± i α π ψ+(x ')ψ(x) = ei α Θ(x) [ϕ(x), ϕ+ x ' ] e-i α Θ(x')

       = δ(r - r ')

If we define the anyonic commutator by

[A, B ]α = AB - e± i α π
BA

then we have
[ψ(x), ψ(x ') ]α = 0
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[ψ(x), ψ+(x ') ]α = δ(r - r ')

where α = 0 & 1 corresponds to the usual commutator & anti-commutator, respectively.
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