8.5. Anyon Field Operators

In this section, everything is evaluated at the same time ¢, e.g.,
x=(t r) x'=(tr") Xg=(t, ra)

As in the QM case,

D¢=(V—i%C)¢=VLp

if we set

w(x) = e ¥°% ¢(x) with vo--—¢

ha
From 8.4.a. EquivalenceToQMSystem.pdf, we have
h
C(x>=fafd2r've(r—r')p(x') (p=¢"0)
q

> VO:—szr'VG(r—r')p(x')

O(x) = - J d>r'o(r -r') p(x")
Note: For stationary states, p(x) = p(r)
- C(x)=C(r) & O(x) =0O(r)

[O(x), <i>(><')]=—jd2 ry 8(r —ry) [p(x1), $(x)]

[p(X1), ¢(x)] =[@"(x1), d(x")]P(x1)

==6(ry = r') $(x)

- [O(x), p(x')]=O(r -r') $(x')
Using Hausdorff’s formula

e"Be™? = Z (ad,)" B (ad,B=[A, B])

n=0
1
=B+[A B+ A [A B+ .

with A=ia©O(x") & B=¢@(x), we have
[laO(x’), ¢(x)]=iab(r'-r)@(x)
[ia®(x'), [ia®(x'), p(x)]1= (i a) 6(r'-r) [O(x"), $(x)]
= (i a)” 6(r" -r)* $(x)

)
@dy 8=
n!

6(r' -r)" ¢(x)

oo

lae (x") d)(X —la@

)" B(x)

- laE)(r =r) ¢(X)
w(x) w(x') =€ ¥ p(x) &’ %) p(x')
- ei a O(x) ei a O(x") e—i aO(x") ¢(X) ei a O(x") ¢(X')
- ei a O(x) ei a O(x") e—ia@(r' -r) CD(X) (I)(X')
=g AT ol a0 o ABX) gy y) p(x") (8 is not an operator )
X & x'gives
(,U(X)(,U( ) —lae(r—r) I[I@(X) IQO(X) ¢(X)¢(X)
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Using
[AB, C]=A[B, C]+[A, C]B [A,BC]=[A, B]C+BIA, C]
we have
[o(x), p(x)]=[@"(x) p(x), ¢"(x") p(x")]
=[¢"(x), " (x") B(x)]1B(x) + d"(x) [(x), ¢"(x") p(x")]
=¢"(x) ["(x), p(x) 1 P(x) +@" () [P(x), ¢"(x)] P(x")
==@"(x") 6(r —r') §(x) + ¢ (x) 6(r - r') P(x")
=0

5 [0k, oK)= j o, f o2 13 6(r -13) 6(r' 1) [ p(x1, P(x2)] =0

Using
O(=r) = 6(r) + 17 for 0=0<27
-T<f@<7T
O<as1
we have
W) w(x') - 47 @(x') (x) = e 4T & X9 o AN [ g(x), P(x')]=0
- W) wx') =" w(x') w(x)

which is just the operator description of an anyon exchange.

+arm

Note: The ambiguity in sign is to be expected since x & x' are equivalent so that e can be on

either side of the equation.

Setting x = x', we have

w(x)?=e" " g(x)?

Since %™ #0, we have
Y(x*=0 > (0] y(x?*=0

i.e., two anyons can’t occupy the same space at the same time.
pt=p - 0'=0

QU(X) W+( .) /ae d)(X)d) ( ) —-i a O(x")

W () wx) = @7 (x) e X & X g(x)
_¢ ( ) IQG(X) —I QO(X) ¢(X)
- e/ a O(x) e —-i a©O(x) ¢+(X ) e/ a O(x) e—i aO(x") ¢(X) ei aO(x") e—i aO(x")
e—i a O(x) ¢+(X') ei a O(x) — [ e—i a O(x) ¢(X') ei aO(x) ]+
— [ e—iae(r =r') d)(X') ]+
:eiae(r—r') ¢+(X')
N ( )W(X) e/ aO(x )eiae(r—r') ¢+(X') e—ia@(r'—r) ¢(X) e—iaO(x')
— e/a{G( —=r)-6(r'—r)} ei a O(x) ¢+(X') ¢(X) e—i a O(x")
- eiiarr ei a O(x) ¢+(X|) (X) e—i aO(x")
W) @ (x) - e Y (x) wix) =€ O [B(x), @7 (x')]e7 T
=o6(r-r')
If we define the anyonic commutator by
[A Bl,=AB-6*"%"BA

then we have
[p(x), p(x)],=0
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[w(x), ¢ (x)]g=6(r-r)
where a =0 & 1 corresponds to the usual commutator & anti-commutator, respectively.



