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8.C.1. Homogeneous Functions
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Widom scaling:  all other critical exponents can be expressed in terms of p and q.
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4. Heat Capacity
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8.C.2. Widom Scaling
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8.C.3. Kadanoff Scaling

Consider the d-dim nearest neighbor (n.n.) Ising model
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8.D. Microscopic Calculations of Critical Exponents

8.D.1. Renormalization Group

8.D.2. Exercise 8.1: Triangular Lattice



8.D.1. Renormalization Group

Ref: T.Niemeijer, J.M.J.van Leeuwen, in "Phase Transitions & Critical

Phenomena", Vol.6, ed. C.Domb, M.S.Green (76)

The most general form of the (effective) spin hamiltonian is
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where  n is a sum over the nearest n neighbors.  Also,  is s and  m  ,

where m is the coupling constant between blocks of m spins.  Note that K H .
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Let  L T  .  Note that  and L are vectors while the transformation T is

non-linear but form preserving.  Thus,
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At the critical point,    so that

 T   [ R.G. eq. ]

i.e.,  is a fixed point of T at the critical point.

Let

L L         

From  L T  , we have

 L L  
    

 


    

or

L L  
  

  A  

where A is a matrix with elements Li
ij

j

a
 


 





.  Note that in general, ij jia a so

that the left and right eigenvectors can be different and the eigenvalues may not be all

real.  Let
1SAS diagonal   

so that

1
LS SAS S 

 Lu u  

where L Lu S  and u S  .  In matrix form, we have

1 1 10

0

L

LM M M

u u

u u

  

  

    
        
    
    

  

where M is the dimension of the coupling constant space.  Hence,

N
NLu u  

or N
NLi i iu u  



Note that a curve going through * and satisfying i ij j
j

u S  is called an

eigencurve of the eigenvalue i.  Points on an eigencurve thus

1. move away from * if 1i   relevant ( iu physical )

2. move toward * if 1i   critical ( iu irrelevant )

Hence, near a critical point,

       d d
Lg g u L g L g u       

or

   1 1 1, , , ,d
s M s M Mg u u L g u u      

To compare with the Widom scaling,

   1
, ,p qg t B g t B 




we set

1u t  2u B 


dL 

1
p dpL    11 ln

ln
p

d L


 

2
q dqL    21 ln

ln
q

d L


 

All other critical exponents can be expressed in terms of i .



8.D.2. Exercise 8.1: Triangular Lattice

   exp ,
s

Z H s   κ κ

   1
, i j i

i j i

H s s s B s


   κ ( 1is   )

 , ,0,B  κ 

Consider the block spin

 1 2 3
I I I

Is sign s s s  

where I
is is the ith spin in block I.

 1
Is 2

Is 3
Is Is I



1 1   1   1 1 3

2 1   1 –1 1 1

3 1 –1   1 1 1

4' 1 –1 –1 –1 1

4 –1   1   1 1 1

3' –1   1 –1 –1 1

2' –1 –1   1 –1 1

1' –1 –1 –1 –1 3

A given spin configuration

 is s where 1, ,i N  and 1is  

can be specified in block spin terms

 ,L I Is s  1, ,
3

N
I   and 1Is   , 1,2,3,4I 

 ,I Is 
3

1I


 


   exp ,
s

Z H s   κ κ  exp ,
L

L
s

H s    κ

  
 ,

exp , ,
I I

I I
s

H s


    κ

 
1 1 / 3 / 3

1 4 1 4

1 1 / 3 / 3
1 1 1 1

exp , , , , ,
N N

N N
s s

H s s
 

 
   

       κ 



  
 

exp ,
I

L I
s

H s    κ

Thus, for a given configuration    1 / 3, ,I Ns s s  ,

     
 

exp , exp , ,
I

L I I IH s H s


        κ κ

  
1 / 3

4 4

1 1

exp , ,
N

I IH s
 


 

     κ

Now,

   1
, i j i

i j i

H s s s B s


   κ

   1 1

,
i j i j i

i j I i I j JI I J I i I

s s s s B s 
    

      

0H V 

where
 1

0 i j
i j II

H s s
 

   
 1

,
i j i

i I j JI J I i I

V s s B s
  

   
Note that H0 doesn't contain inter-block interactions.  Consider the Ith term in H0,

 1

0 I i j
i j I

h s s
 

    2

I Is   I
  

 1
Is 2

Is 3
Is 1 2 2 3 3 1s s s s s s   

1 1   1   1 1 1 1 3  

2 1   1 –1 1 1 1 1   
3 1 –1   1 1 1 1 1    
4 –1   1   1 1 1 1 1    

Hence, for a given configuration    ,i I Is s  ,

  0 0 , iH H s κ   0 , ,I IH s  κ  2
I

I I
I

s   

where
3

1



 

for 1Is   .





     
 

exp , exp , ,
I

L I I IH s H s


        κ κ

     
 

0exp , , exp , ,
I

I I I IH s V s


          κ κ

Now, let

 
 

00
0

1
exp

I

A H A
Z 

 
or

           
 

00
0

1
exp , ,

I

I I I I I
I

A s H s A s
Z s 

    
where

     
 

0 0exp ,
I

I I IZ s H s


   



       0 0
exp , , expL I IH s Z s V    κ κ

where
0

 is an average over  I only, i.e., no average over  Is .  Now,

     
 

0 0, exp , ,
I

I I IZ s H s


   κ κ

 
 

2
exp I

I

I I
I

s



     
 

 
4

1 1

exp
M

I





 
 

 (
3

N
M  )

 3 3
I

e e  

 0

M
z   κ

where

  3
0 3z e e  κ

Thus,

    0 0
exp ,

M V
L IH s z e      κ κ

In the cumulant expansion scheme,



22

0 00 0

1
exp

2
Ve V V V          



so that

     22
0 0 00

1
, ln

2L IH s M z V V V       κ κ 

Now, consider the  ,I J term in the 1st sum of

 1

,
i j i

i I j JI J I i I

V s s B s
  

   
i.e.,

 1

,
I J i j

i I j J

v s s
 

  

For the case shown in the figure, we have

 1 3 2 3
I J I J

I Jv s s s s    1 2 3
I I Js s s  

Hence,

 1 3 2 30 00

I J I J
I Jv s s s s  

Now,

 
0

0

1
exp L

L

I J I J
L

L

a b a b
Z





    
 

 

 2
0

1
exp JI

I J

I J
I Ja b

z


 

     

0 0

I Ja b

I

J

1

3 2

3

1 2

J

I



Hence,

 1 2 30 0 00

I I J
I Jv s s s  

0 0
2 I J

i is s  ( i arbitrary )

Note that the last equality is valid for all block orientations.

 
4

0
10

1
expI

i I is s s
z








 

 3

0

2Is
e e e

z
       3

0

Is
e e

z
  

3

3 3I

e e
s

e e

 

 











23

30
2

3I J I J

e e
v s s

e e

 

 




 
    

Hence,

23 3

3 3
2 3

3 3I J I
I J I

e e e e
V s s B s

e e e e

   

   
 

 


  
     

 

where the factor of 3 comes from
3

1i I i 

  .  Thus, to order
0

V ,

    
23 3

0 3 3
, , ln 2 3

3 3L L L I J I
I J I

e e e e
H s B M z s s B s

e e e e

   

   
 

 


  
     

 κ κ

The singular part is

  , ,S L L L L I J L I
I J I

H s B s s B s


   κ

with

23

3
2

3L

e e

e e

 

  




 
   

(1)

3

3
3

3L

e e
B B

e e

 

 









(2)

(1)  0K  

or
23

3
1 2

3

e e

e e

 

 





 
   

(3)

(2)  0B 

or
3

3
1 3

3

e e

e e

 

 









(4)



Since we are interested only in the critical point at 0B  , the fixed point of interest is

0K   or the solution of (3).  The linearized stability matrix equation is

,

L L

L

L L L

B B

B
B B B B

B  

 
 
 

   

  
                   

A
B



 

  
 

Now,

23

3
2

3
L e e

e e

 

 








  
    

       
 

3 3 3 33

23 3

3 3 3 3
4

3 3

e e e e e e e ee e

e e e e

        

   


   

 

     
    

0L

B






       
 

3 3 3 3

23

3 3 3 3
3

3
L

e e e e e e e eB
B

e e

       

 

   



    


 

3

3
3

3
LB e e

B e e

 

 





  
    

For 0K   and 0B  , we have

2
2 1

2
4 2

L


      

0L

B






0LB







2 3
3

4 2
LB

B

      
so that

1
0

2
3

0
2

A

 
 

  
  
 




1

2  and
3

2B 

Note that
B

J

k T
  where J is the exchange integral.  Hence,

0K    CT  for finite J.

Since
1

1
2   it is irrelevant.  For 0B  , B is discarded.  Thus, the fixed

point has no relevant eigenvalue and is therefore unphysical.

Solution to (3) is
3

3

1

3 2

e e

e e

 

 






 



 31 3
1 1 0

2 2
e e        

   
 

4

3
1

2
1

1
2

e   




3 2

2 1

 


   3 2 2 1    3 2 2 2  

1 2 2 
Since 4 0e   for real , we have

4 1 2 2e   
so that

 1
ln 1 2 2 0.34

4
    

and
3

3

1

23

e e

e e

 

 

 

 









Hence

 
2

1 1
2 4 0.34 1.62

2 2
L


         
 

0L

B






0LB







1
3 2.12

2
LB

B

      




so that

1.62 0

0 2.12
A

 
  
 

 1.62  and 2.12B 

Thus, both eigenvalues are relevant.  (They also remain unchanged for 0B  .)

For 2-dim,

ln ln1.62
0.44

ln 2ln1.73B

p
d




  

ln
0.68

ln
Bq

d 




 

1
2 0.27

p
    

2.1
1

q

q
  



These are to be compared with the exact solutions

0exact  and 15exact 

which implies

  1.73
exact  and   2.80B exact

 

Thus,  is quite good but B is badly off.
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