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8.C.1. Homogeneous Functions

Let

9(T.B)=g,(T.B)+g,(t.B)

where t= T _; Te and the subscripts r and s stand for the regular and singular parts,
C
respectively. Assuming g, scales, we have
9.(4",4°B) = 1g,(t,B) [ B=|B| ]

Widom scaling:  al other critical exponents can be expressed in terms of p and g.
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and setting
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With (1) = B(6+Y)=2-a =  a+p(5+1)=2
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Since al critical exponents are expressed in terms of p and g, only 2 of them are
independent. Note that

1 0
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8.C.2. Widom Scaling

Let

9(T.B)=g,(T.B)+g,(t.B)

where t= T _; Te and the subscripts r and s stand for the regular and singular parts,
C
respectively. Assuming g, scales, we have
9.(4",4°B) = 1g,(t,B) [ B=|B| ]

Widom scaling:  al other critical exponents can be expressed in terms of p and g.

1. Order Parameter
M (t,B =0) o (-t)”

Notethat M =0 for t>0 sothat gisnot defined there. Now,
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Again, from

A'M (A°t,A9B) = AM (t,B)



and setting
/1 — Bfl/q and t= 0

%M (0,1)=B""M(0,B)
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8.C.3. Kadanoff Scaling

Consider the d-dim nearest neighbor (n.n.) Ising model

H[s]=-K 2 s5-B) s (1)
(i) i
where <i, j> denotesn.n. pairs. Thus, for alattice of N sites, each of which having

yn.n., the sum z contains %7N terms.
(i)

We now divide the lattice into blocks with linear dimensions La < &£, wherea isthe
lattice constant and £ the correlation length.  Thus, the total number of such blocksis
N while the number of sites (spins) in each block is L°. Let thetotal spinin

Ld

blockIbe §=>'s. Since §=+1,wehave —-L°<§ <L?. Thus, we canwrite

iel
S =ZS where § =41 and 0<Z<L". Furthermore, the condition La< &

means that the spins in each block are more or less aligned with each other so that
Z=L". Eq(1) can thus be written in terms of the blocks as

H[&]=—KL<Z>SSJ -BY'S )

where | :L---,%

andthesumover (I,J) gives %7% terms.
Now, H[s] and H[S ] hasthesamefunctional form. Sincethereare L° sites
in each block, we have

g(t.,B.)=L"g(t,B)

‘fL(tL’BL)=@

Now, let t, =Lt. Sincereducing the length scale should move the system away

from the critical point, wehave t, >t sothat x>0. From

N/LY

BZS = BZ § =Bz)'S =B S

we have



B, =BZ=LB
Since Z<L',wehave LY<L" or y<d. Hence
g(Lt,L'B)=L"g(t,B)
which, in comparison with the Widom scaling
9.(4",4°B) = 1g,(t,B)
gives
‘=41 sothat gzp ayzq
= g<1

Since q:%ﬂ,wehave 0 >0, asexpected. Now,
C(rt)=(88)-(8)(S) ~—s[(s8)-(s)(s})]
-3 [(ss)-(s)(s)] ==X C(ry)

iel jed iel jed
=LY e(rt) =1c(r )
_?( ) 1) =
Comparing with
. X r
C(r.t)=C(L7r,tL¥) ( = )

we have

C(r,t)=L""c(Lr,t L)

2(y-d) X
:(LJ C(a,t(ij j (r=La)
a a

Define £=t™". (Notethat v:% for mean field theories).

c(r,t):c@ _c(ir) =c(tr) =c(t)

11

pd

= V=

For t=0 (at critical point),
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Using the Widom scaling (5 -1) =y, we have 5+1:2+% so that

n=2-dl._ B _ _p U

B 2B+y  2B+y

Also,
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8.D.1. Renormalization Group
Ref: T.Niemeijer, J.M.J.van Leeuwen, in "Phase Transitions & Ciritical

Phenomena’, Vol.6, ed. C.Domb, M.S.Green (76)

The most general form of the (effective) spin hamiltonian is

K (K‘, s, N ) =Ky + K12$ + Kél)z(l)s S + Kéz)z(z)s S + KS)
i ij i

1
()Ssjsk + ...

i,j.k
where =" isasum over the nearest nneighbors.  Also, s={s} and x={x,},

where x,, isthecoupling constant between blocks of mspins. Notethat K = gH .

For the Ising model,

K, =—pB

K,=—fJ

K,=0 otherwise
Now,

Z(x,N)=> exp[ K (x,5,N)]
Definethe block spin S :Zq , Where o; isthespininsideblock I. (Notethat o
iel
can itself be ablock spin). Hence,
Z(x,N)= Y exp|-K(x,5,0.,N)]
S0

Teol o)

N
= Z[KL,FJ

where § istheshorthand for {S , I =block of sizel’} and o, ={o;,iel}.

.1 .1 N _d
g(x)=lim Wlnz(x, N) =lim Wan(KL’Fj =L g(x,)
Let «, =T(x). Notethat xand i are vectors while the transformation T is

non-linear but form preserving. Thus,

KoL :T(KL) o Ko :T(K(“—l)'-)



At the critical point, x =" sothat

K =T(x") [RG eg.]

i.e., kisafixed point of T at the critical point.

Let

Ok =K, —K' OK=K—K"
From x_=T(x), wehave

KL :K*+VKKL|K':K* (K_K*)+
or

oK =V, K,_|K:K* -0k = A0k

where A is amatrix with elements a; = %

8KJ-

Notethat in general, a; #a; so

that the left and right eigenvectors can be different and the elgenvalues may not be all

real. Let
SAS™ = A = diagonal
so that

Sox, = SAS 'Sox

= ou, =Adu

where ou, = Sok, and Su=Sox. Inmatrix form, we have

ou,, A 0\ oy,

ou,y, 0 Au )\ OUy

where M is the dimension of the coupling constant space. Hence,

suy =A"su

or Suy, = AVou



Note that a curve going through x and satisfying ou, = ZSj&q iscaled an
j

eigencurve of the eigenvalue 4;.  Points on an eigencurve thus

1. moveaway from i if A >1 = relevant ( ou, physical )

2. movetoward x if 4 <1 = critical ( Su irrelevant)

Hence, near acritical point,

g(ox)=g(su)=L" g(sx )=L"g(Adu)
or

g, (O, 0Uy ) = L9, (Ady, -+, Ay Suy )
To compare with the Widom scaling,

g(t,B):%g(ﬂpt,ﬂqB)

we set
oy =t ou, =B
=
A=
ﬂﬁ:gP:LdP — :iln_’il
d InL
=A% =1 ~  g=i.n4
d InL

All other critical exponents can be expressed intermsof 4 .



8.D.2. Exercise 8.1: Triangular Lattice
Z(k)=> exp[-H(k,5)]

H(k,s)=-x¥"ss -BY (§==1)

i#] i
K =(-x,~B,0,)
Consider the block spin
s =sign(sl +8, +5;)

where s' istheith spininblock I.

als s S|S]|of
11 1 1 3
211 1 1 1
3|1 -1 1 1
411 -1 -1 |-1| 1
4/-1 1 11| 1
3|1 1 -1]-1|1
2/-1 -1 1|-1]| 1
/-1 -1 -1|-1| 3
A given spin configuration
s={s} where i=1---,N and §=+1

can be specified in block spin terms
N

s =1{s.a} =17 ad s=tl, @=1234
3
(5.0} o=

Z(K):Zslexp[—H(K,s)] :gexp[—H(K,sL)]
= 2 ep[H(kfsa})]

{sa}

1 4

- le 24: Z Z eXp[_H (K151’051!""$\|/3’05N/3)]

s=—log=1  sy3=—lay;s=1



2 ewH(kufs )]

Thus, for agiven configuration {s }=1{s,"*,Sy/},

exp[—H (KL,{S, })] = Zexp -H (K’{S 1] })]

{a’l }

= 24_:1 ilexp[—H (k.{s.e, })}
Now, o
H(k,s)=—x3"ss ~BY s
-] .
- —Kzlligil(l)ssj —K;id%f)ssj - BZ‘%“S
=H,+V
where
Hy=-x> 3 (l)ssj

| izjel
V=-r3, 3 Pss-BY3s
12 1€l Je I el

Note that Hy doesn't contain inter-block interactions.

hy =« 3 Vs, =-xui(s) =-xuf

i#jel

Consider the Ith term in Ho,

alS S S| u=55+55+SS
1| 1 1 1 1+1+1=3

21 1 1 -1 1-1-1=-1

3 -1 -1-1+1=-1

4| -1 1 1 -1+1-1=-1

Hence, for agiven configuration {s}={s,,},
Ho = HO(K'{S}) = HO(K’{S xed }) :_KIZ/J(Z' (Sﬂ )2

3
where y“:{ 1 for s ==1.

=



or

exp[—H CRE })] =Z,(k.{s })<exp(—V )>o

where (--) isanaverageover {g,} only,i.e, noaverageover {s}. Now,

Zy(k/{s})= %exp[—Ho(K,{S )]

Thus,

exp[ -H (k.. {s})]=[%(<)]" ("),

In the cumulant expansion scheme,



H (k0 {8]) = MIng ()~ V) + 5[ (v7), - V)5 -

Now, consider the (1,J) terminthe 1% sum of

V=-rx> 3 Yss - BZZs

12Jiel, jed
i.e.,
1
Vi;=—K 2 ()Ssj
iel, jed
1
a
3 2
\ /
\ /
\ /
\ /
\ / 3
(24}
1 2

For the case shown in the figure, we have

v, =-k(ss +55) =-«(s+8)s

<a' b’ >O = Zio% a'b’ exp(KZL: nyJ
= %ZZa'bJ exp[zc(y,“' + s )]

={a),(0"),



Hence,

(Vi) = (), + (), )(s2), =-2x(s), (),
Note that the last equality isvalid for al block orientations.
(4), =5 285 e
% a1
= %(e“ +2e" ") = i(eS" +e™)

_s e +e~
e* +3e"

2
e re”
<VIJ>O :_ZK(eg,( +3e_,(] SS

2
e +e* e +e~
V) =2k s -3B—
< > (e3x+3e—1<] ;S J e3K+3e—KZI:S
3
where the factor of 3 comesfrom Z= Z .
i=1

iel i=

¥ re* }

H(k..{s },B )=-M Inzo(K)—ch(e3K+3e_K

(EN]
Thesingular part is

HS(KU{S_}’BL):_KLZSSJ - BLZ

(EN] |

with
¥ rer )
| S T8 1
KL K(e3x+3e—xj ( )
B -3 & *& @
- e +3e~
Q)= K'=0
¥ rer )
or 1=2 3
[e‘”"“ +3e" J @
2) = B"=0
3K — K
or 1-35 *°© 4)

Thus, to order (V)

2
ZSSJ -3

(i arbitrary)

e +e~

e* + 37"

>'s



Since we are interested only in the critical pointat B =0, the fixed point of interest is
K" =0 orthesolutionof (3). Thelinearized stability matrix equation is

Ok, Ok,

Sk ) | ox B Sk A 0K
6B ) | 8B 8B, sB) B
oK oB x=x",B=B"

Now,
oK, e e )
= 2 3x — K
oK e +3e

Tl LR = s

e31( +3e—1c (e3K +3€7K)2
0K _0
B
B (eBK+3e—K)(3e3K_e—K)_(383K_3e—lc)(e31(+e—lc)

aK (e3r( + Se—r()z
0B, e* +e*

= 3 3k —K
oB e’ +3e

For K'=0 and B* =0, wehave

oK _ 2(3)2 _1
oK 4 2
0K
oB
0B,
oKk

B _,(2)_3
oB 4 2

S0 that

o Nk
Nlw O



= @zl and %:E
2 2
Notethat x = kJT where Jisthe exchange integral. Hence,
B
K'=0 = To = forfinite J.

Since /1K=%<1 itisirrelevant. For B=0, A, isdiscarded. Thus, thefixed

point has no relevant eigenvalue and is therefore unphysical.

Solutionto (3) is

3x — K
e +e” 1
e* 43" 2
1 3
= 13— |e*+|1x——=|e" =0
)= )
o N2 _#3-\2 =(i3—ﬁ)(&i1) —3-2+22
1—i \/§$1
+
2
—1+22
Since €* >0 for red «, we have
e =1+ 242
S0 that

K*:%|n(1+2\/§)=0.34

and
e +e "~ _ 1
e 13 2
Hence
oK 1Y 1
L=-2| = | +4x0.34x—=x(---)=1.62
oK (ﬁj J2 )
6KL:O
oB
B _pH
oK

%8, _ 3[i) ~2.12
oB



S0 that
162 O

A=
[0 2.12)

= A =162 and Ay =212

Thus, both eigenvalues arerelevant. (They also remain unchanged for B=0.)

For 2-dim,
D= Ini.  Inl62 _
dini, 2In1.73
q= In A, _ 0,68
dini,
a=2- 1 -0.27
Y
s=-9 _21
1-q
These are to be compared with the exact solutions
Aooee =0 and Ooct =15
which implies
(/?,K)exaIct =173 and (/15)exact =2.80

Thus, A_ isquitegood but A; isbadly off.
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