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S8.A. Critical Exponents for the S* Model

Consider the generalized Ising Model:

z=]1] T ds, W(s] exp[zcz's.ns1+ j

To get the Gaussian model, we set

vl 353 -en{-3) -
where
W(%)=exp(—gsfj

Togetthe S* model, we set

W(sn)zexp(—gsﬁ—usﬁj with u>0

For b=-4u, wehave
W(s,)= exp[—u(s;‘ - Zsﬁ)] = exp[—u(sﬁ —1)2 + u}

which should be a better approximation to the Ising model.
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Let B=0 and k=(x,b,u), then

2-2(cbuls))

=HT ds, exp| €Y's,S,, —Z@S“US“H

n

:Hidsm exp| -H (x,b.u,{s,}) |
where

H (x,b,u,{s, }):—Kz S.S,, +Z( s+usj

Now, from the Gaussian model,

—KY's,S,. +ngz=2
where  §/(k)=s(k)vxa®®. Similarly,
2825 4djdhjdkjdkjdk

x s(ky)s(k,)s(Ks)s(k,)expli(ky+k,+ks+k,)-n

Using
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x s(ky)s(k,)s(ks)s(k,) (k,+k,+k;+k,)
_ 1 1 d d d d
= 2o [d%, [ d%, [dk,[d,
xS (K,)S (K, )9 (Ks) S (K,) S (Ky+K, + Ky +k,)
where
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Let
, u
u = PR
we have
1
H(r,u,{s})= d% s'(k)s(=k)(r +k?
u!
+Wjddk1fddkzjddk3fddk4
xS (k,)S'(k,)S (ks)S(ky) S(k,+k,+k,y+k,)
Let
H = HIong + Hd’]Ol‘t +V
where
1 2
Hiong = Hiong (T = d'k|S (k) (r+k®
long Iong( {SL}) 2(272')d I(;[g ‘SL( )‘ ( )
1
Hshort = Hshort(r’{GL}) = \d I ddk‘aL(k)‘z(r+k2)

2 ( Zﬂ)d short



V=V(u{S, a}) :#jddklfddkzjddksjddkél

xS (k,)S'(k,)S (ks)S(ky) S(k,+k,+k,y+k,)

Notethat S correspondstoblock spin § and o, tointernal degrees of freedom
o,. Well treat V as aperturbation and use the cumulant expansion approximation.
Thus, we start with introducing the average over the internal degrees of freedom

(A, :zif Doy exp(—Hgen) A
(A(S.1),= 5[ Dot B Ha (1 for )| A((S. 1)
where

Z, = j Do, exp[—HShort (r,{aL})] =Z,(r)

Note that Z - I Do, when comparing with the triangular lattice treatment.
{}

Z(r,u)=[DS [Do, e"
= '[ DS JDO‘L eXp(—H|0ng —Hgon _V)
= ]S [ Do @b —Hugy (1:{8}) ~Haen (1o }) -V (v 8 )]
Using
v (481), = 5 [ Por B[ Ham ({0 ))]V (01 {800)
and

(o0l (15, - (00, 9[- )V 015,

we have

Z(1,0) = Z,(r) [ DS, exp[ ~Higg (1. {SL})] {exp[ -V (v {SL))])

In the cumulant expansion

(&), - exp{_<v>o +%(<v2>0 —<v>§)+..}

S0 that

0



1
2(1.1) = 2,(1) [ DS, 69| ~Hi (1 (81]) = V), # 3{(V), = V) -
Notethat Z,(r) contributesonly to the regular part of g and hence can be dropped.

Thus, the singular part of Zis

Z(r,u) = [ DS exp| -H (r,u'{S })]

where

H (1 {SU}) = Hing (1 {S01) + (V (u{S1))
S(vwisly)
N . Iddk‘SL(k)‘z(r+k2)+<V>O—%(<V2>0—<V>§)+---

2(272) long

0

Note that H corresponds to the Kadanoff transformation result.
To bring H back to the original hamiltonian, we need a scale transformation. Now,

1
V), :Z_I Do, exp(—H g )V
0

where

Vv :#J’ddkljddkzjddkgjddk‘l

x5 ()9 (K,) S (k) S (K,) S (Ky Ky + Ky k)

If wewrite

_[dkls IdKSL IdKaL (k;) i=1---,4

long short
then V becomesasum of 2*=16 terms. However, since exp(—Hg,,) is
invariant under o, - - o, we have
Zioj Do, exp(—H g, ) x(0dd power of o, )=0

Also, k; aresimply dummy variables so that terms with the same powersof o,
and S areequa after the k, integrations. Since

(a+b)’ =a* +4a’ + 6a’h, + 4ab’ + b’

we have



v-_Y { [ d, [ d%, [ d’, [ d,

(27[ )3d long long long long
x § (K1) S (k2) S (ks) S (Ky) 5Ky +k, +ky+ky)

+6 [ d'k, [ d%, [ d%, | d,

long long short short

xS (K,)S: (Ky) o (Ks) o (Ky) S (K, + Ky +kytk,)

+ [ d% [ d%, [ d%, | d,

short short short short

x o (ki)o (kz) oy (ko) o (Ke) 8 (kg +ky +kg+K,) |

The last term can be dropped since it contributes only to the regular part. Hence,

<vs>o=L3d{ J % [ %, [ a% [ %,

(27[ ) long long long long
xS (k;)S (k,)S (ks) S (ky) 8 (ky+k, +ks+k,)

+6 [ d', [ d%, [ d%, | d’,

long long short short

xS (K;) S (k;)(o (ks)o (k4)>o S(ky+k,+ky+k,) |

where
<‘7L (ks)oy (k4)>0 = Zio-[ Do, exp(—H o) o (Ks) oy (Ky)

Since

1
o = a7 4, I (1K)

therefore, (---), isaGaussian average (see Einstein fluctuation). To get

(o (ks)oy (k,)), - wel*write H,, in discretesum using

\Y
(27z

? Iddk = where V isthe volume of the system.
k

Hence,



and
B \Vi (27z)d
<5L(k3)O'L(k4)>O [+ K2 katka0 k325(k3 k4)
Therefore,
(Vg), = B ) {m{gd kllojngd klojngd klojngd K,

x § (K1) S (k2) S (ks) S (Ky) 5Ky +k, +ky+ky)

i f [ 0 (k)8 (), K otk

long long short r+ 3

— Uk [ d, [ i, [ di,

( 2 ) long long long long

xS (k;)S (k,)S (ks) S (ky)8(ky+k, +ks+k,)

6u’ q
+Wjdkl\a Nl jdkr+k2

long short

Thus, <VS>0 hasthesameformasH. However, it doesn't contribute to the quartic
term.  Now,
1
(v, =Z—j Do, exp(—Hp )V -V
0
1 u
=—— - |D -H
Zo (271_)6d J‘ oL exp( short)

xjddkljddkzjddksjddk4 (k,)S (k,)S(Kq)S (K,) 0 (K, +K,+ky+K,)

x[dks [ ik [ dk; [ dkq ' (Kg)S (Ke) S (k) S (Kq) & (Ks+Kg Ky +Kg)
Again, we write

_[dkls )= [ d% S (k))+ [ d% o (k) i=1---,8

long short



The structure of <V2> is
0
(o+ S)4 (o+ S)4

= (04 +46°S+606°S? + 465S% + s“) (0'4 +46°S+606°S? + 405S% + s“)

Note that aterm like 60°S® realy means 6 terms, i.e.,
0,0,S5, + 0,550, + 0,50,5, + §0,0,5, + §S,0,0, + 0,50,

where §=S(k;) etc.

The quartic contribution of <V2>O must consist of terms of products of 4Sand 4c.
Hence, we need only consider terms

o'S' +S'c* +16(0°SoS’ + 0S%0°S) + 360° S0 S’
where the arguments of eachtermare (k,,---,kg). Thus, for example,

0’S0S =(078), ,(0S), ,=(079), (¢S,

where | and |1 refers to quantities from the 1% and 2™ V, respectively. Note that
spins belong to the same V are governed by the same delta function.

Now, termsfrom oS’ + S'c* have o coming fromthesame V. After the
averaging, the will be the same as the corresponding terms from <V >(2) . Hence, they

don't contribute to the 2" cumulant.

Also, termslike ¢°ScS® have odd powers of spin from each V. By symmetry, they

vanish upon averaging. Hence, only the 36 terms of the form (0282)I (6797,

contribute. Thus,

(V)= 5 7 TDo 0 Huw)

Gd.[dklj.dkj.dk'[dkIdkSJ.dkefko.dke

( long long short short short short long long



xS(k,+k,+ky+k,) (ks +ke+k,+kg)

x § (k1) S (k2) S (k;) S (ke) o (Ks) o (Ky)oy (Ks) oy (Ke)

Now,
(03040506 )y = (0304 )5 (06 )y + (0305 )4 (T4 )y + (03076 ) (005

2

The 1 term on the right can be dropped sinceit's cancelled by (V); .

(272_)2(!

<G3(75>0<(74(76>0 = (r N k§)(r N kf) §(k3 + k5)5(k4 + ke)

(0406),(0405), = (r " (éi)z():d_'_ kf) S(ky+keg)d(k,+ks)

Thus, these 2 terms give the same contributions so that
1 2
E (<V 2>0 B <V >O )quartic

=36—— [ dk, [ d%, [ d%, [ d%, [ d, [ d’k,

u!2
2 4d
( T ) long long short short long long

xS(k,+k,+ky+k,)5(k, +kg—k;—k,)

) SR kIS kS )

Integrating over k, means

r+k2—r+(k,+ky—ks)’

S(k,+k,+ky+k,) & 5(k,+k,+k;+kg)

Relabeling
k, > k;, ke —K,, k;—>K

we have
%(<V >o i\ >§)quartic

P [ d, [ do%, [ dk, [ d%k, &(k,+k,+k;+k,)

4d
( T ) long long long long



1
<S (K, K, K, K, d% 2
S (k1) S (k2) S (k5) S ( )mL (r+2)[ 1+ (ka+ kg =k)’|

Putting everything together, we have

H(ru'{s})=

2(2';)(, lo{gddk‘SL(k)‘z(sz)

3djdk1jdkjdkjdk

2 ) long long long long

x § (K1) S (k2) S (ks) S (Ky) 5Ky +k, +ky+ky)

6u’
+(27T)2d |o'[ngddk1‘SL( sh'[rtd . r+k2

- 4djdk1jdkjdk3jdk5 Ak, ks +k,)

( long long long long

1
<5 (k) S (K,) S (k;) S (k,) [ dk 2
S (k1) S (k2) S (ks) S ( )m{n (r+2)[ 1+ (ka+ kg =k)’|

- 2(21”)(, .o{gddk‘a(k)‘z{” ) kj
2 )3d |0Ingd k1|0'[ngd K, |0'[ngd km'[gd K,

xS (k;)S (k,)S (ks)S (ky) 8 (ky+k, +ks+k,)

' u* ¢ -
x{u _%W Sh.[nd K (r+k2)[r+(k3+k4—k)1 }

Note that we've neglected al quadratic and other terms from %(<V2>0 - <V>2) .

0

Tobring Hg back to the same form as H, we need a scale transformation.  Let
k =Lk



we have
Hs(ru.{S})
- T Bl e
2(2”)d B.Z. "L L (272')d Sort r+k?

1
+ d% d dk d%
(277)3d B'.[z. I_lB'.'.z. - BJ.Z. - sz. -

4

X%S_(kLl)S_(kLZ)%(kLS)S_(kL4) L 5(kL1+kL2+kL3+kL4)
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xqu-36 [ di 1
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short




1 rla

Az | dk k?
(27[)3 n;[La
1 1 rla 3
= [ d%=1 =27 | dkk for d=12
@ | i
1 rla
—-2j dk
4 rlla
Using
diyz[)dyf(y)z—%f(y) [ cisaconstant
we have
d-1
47 (”j
ij.ddk 12n: 272_ a7IZ_'2 La —
short (r+k) 2 |:r+(7z_]:|
La
47 g
T 1 1
- 272- (aj L2+d ’ 5N
T
]
La
Now, let
1 4 ¢y
A(Ld)= o ZJ
( ) (27z ‘ 5 [a [+
we have
er 12U’ d 1 ) 12U’ 0 g 1
—=2L o
d {H(Zﬂ " shj sz} (27) oL J o+
_ﬂ A(L’d) '
= _
L{rﬁ(”j }
La
Similarly,
W _ g g)h - 3A(LD)
dL 2



Let t=InL

= L=¢ dt:% Li:g
L dL dt
S0 that
Ale,d
%=2rL+ ( )2 u’
{r(”j}
ea
3A(€',d
%=(4_d)uL_ ( ) u!2

dt 272
ol
ea

These equationsare valid for al L. In particular, they should hold for L=1_or
t=0,. Inwhich case, we have

ﬂ: 2r +
dt

where A= A(Ld). Atafixed point, we have

dr’  du”
dt dt
S0 that
2r' + u =0 1
r+B )
e;u*—i2 u?=0 (2)
(r*+ B)

2
where e=4-d and B= (Zj . Notethat the L =1 approximation corresponds
a

to an infinitesimal Kadanoff transformation. Eqs(1,2) are then necessary conditions
for fixed pointswith L arbitrarily large. They may not be sufficient conditions.
The solutions to (2) are,



% 2
u'=0 or u* ﬂ

= &
3A
Putting these into (1) gives
1. u =0 and r'=0.
) (r*+B)2
2. U=-—"¢ and
3A
(r*JrB)2
O s =—I(r+B)s =%
2 r'+B 3A 6 6+¢
so that

B ¢ 2 B2 6 Y
u'=—/|- +1| ¢ =— £
3A\ 6+¢ 3A\6+¢

The stability matrix is

o o
e arL 81'JL
o, ou ) .
Now,
%:2— *A > * 2——2u*
on. (I’ +B)

s0 that



0 5—%\u*
=
A =2—B—A2u*
A :8—6—Au*

For (r",u’)=(0,0) [Gaussian fixed point], we have

A =2>0 relevant

> < relevant
A,=¢ 0 for d 4 ]

< > irrelevant

Thus, for d <4,both 2, and A, arepositive so that the fixed point (0,0) is

unstable. For d>4,wehave 4, >0 and A,<0 sothatthefixed point (0,0) is

hyperbolic with 4, corresponding to aphysical quantity.

For 4, =2,
0 A
B {CLJ:O = vr:(colj (right elgenvector)
0 £-2)\%
For 4, =¢,
A G
2 =2
¢ B [Cljzo = vV,=| B
0 0 G, _K(Z_g)



d>4
d<4

Notethat u=>0.

2 2
For (r*,u*): _ B B—( 6 j ¢ |, we have
6+¢ 3A\6+¢

2
LzZ—E( 6:)g>0
3\ 6+¢

2 2
0
/1U:g—2( 6 J ¢ =—¢ 2( 6 ]—1 "7 for d 4
6+¢ 6+¢ <0 <

Hence, only thed < 4 caseis physical.

Notethat both 4, and A, areindependent of A and B at the fixed points. This
must be so or else the critical exponentsto be calculated will be meaningless.
Along the eigencurve of 4, , we have

6V, (t) =exp(4t) 8V, (0) =exp(4 InL)dv,(0)
For n transformations

ov, (nt) =exp(nit) 8v, (0) =[exp(4, InL)] 6v,(0)
Hence,

A, =exp(4,InL)



Assigningrto t= T TTC , we have

_Ina,  _AInL A4

P=dinL “dinL  d

Hence, for d >4, wehave (0,0) asafixed point so that

2
A =2 = =—
r p d
p 2
2—«a 1 1
Ve—— =—8r = —
d pd 2

To calculate 5, weneed to includeaterm —B'S'(k =0) toH. But theresult will be

the same as the Gaussian model. Hence,
d+2 4-¢+2 6-¢
d-2 4-¢-2 2-¢

BN A R b
£—>0 2 2

N | &

+§8j =3+¢
2

For d <4,wehave | — ,—
6+¢ 3A\6+¢

2 2
B: B ( 6 j g} as fixed point so that

1 1( gj 1 ¢
V= =—|1l+—=| ==—+—
o ¢ 2 6 2 12

0=3+¢ (same as the (0,0) fixed point )

For d = 3, we have ¢= 1 so that



=0.17

a =

+ 1 =0.58
12

VvV =

NIk ol

5=4

Notethat the & — 0 result isapplicable aslong as (66 jzl.
+é&

For d = 4, we have ¢= 0 so that
a=0

V= (same as mean field)

w NP
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S8.B. Exact Solution of the Two-Dimensional Ising Model

S8.B.1. Partition Function

S8.B.2. Antisymmetric Matrices and Dimer Graphs
S8.B.3. Closed Graphs and Mixed Dimer Graphs
S8.B.4. Partition Function for Infinite Planar L attice




S8.B.1. Partition Function



S8.B.2. Antisymmetric Matrices and Dimer Graphs



S8.B.3. Closed Graphs and Mixed Dimer Graphs



S8.B.4. Partition Function for Infinite Planar Lattice
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