
Special Section 8

S8.A. Critical Exponents for the S4 Model

S8.B. Exact Solution of the Two-Dimensional Ising Model



S8.A. Critical Exponents for the S4 Model

Consider the generalized Ising Model:
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which should be a better approximation to the Ising model.
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Now, from the Gaussian model,
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where     2 ds s a  k k .  Similarly,
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Note that LS corresponds to block spin IS and L to internal degrees of freedom

I .  We'll treat V as a perturbation and use the cumulant expansion approximation.

Thus, we start with introducing the average over the internal degrees of freedom
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Note that H corresponds to the Kadanoff transformation result.

To bring H back to the original hamiltonian, we need a scale transformation.  Now,
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The last term can be dropped since it contributes only to the regular part.  Hence,
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Thus, these 2 terms give the same contributions so that
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to an infinitesimal Kadanoff transformation.  Eqs(1,2) are then necessary conditions

for fixed points with L arbitrarily large.  They may not be sufficient conditions.

The solutions to (2) are,
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Thus, for 4d  , both r and u are positive so that the fixed point  0,0 is

unstable.  For 4d  , we have 0r  and 0u  so that the fixed point  0,0 is

hyperbolic with u corresponding to a physical quantity.
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Hence, only the d < 4 case is physical.

Note that both r and u are independent of A and B at the fixed points.  This

must be so or else the critical exponents to be calculated will be meaningless.
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For d  3, we have   1 so that
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